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For a certain class of heat conduction processes with change of phase, it is 
proved that the initial dynamic behavior of the free boundary velocity (i.e., the 
convexity of the free boundary) is determined by the Stefan number of the system. 
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1. INTRODUCTION 
This paper deals with the following classical one-dimensional one-phase 
Stefan problem (see, e.g., [ 11): 
a+,,+: e,)-u,=O in SZ_{(x,t):s(t)<x<R,O<t~~} (1) 
k(R t) = -Go, Odt<T (2) 
u@(t), t) = 0, 0 < t < T, s(O) = R (3) 
u,(s(t), t) = I .$, O<tbT (4) 
( au au a% IA,=---, u,=--, t.i,,=y ax at ax- > ) 
where u = u(x, t) denote the temperature in the solid phase and s = s(t) the 
free boundary (interface) position at time t. T, a’, k, G,, and I are given 
positive constants. 
As is well known, the system (l)-(4) is a mathematical description for 
the one-dimensional heat conduction in a liquid cylindrical (p = 1) or 
spherical (p = 2) material at the transition temperature with a phase transi- 
tion that occurs on the surface x = s(t) and with prescribed thermal flux on 
the surface x = R. 
*The author was supported by and is a Research Member of the Consejo National de 
Investigaciones Cientiticas y Tecnicas de la Republica Argentina. 
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We shall consider the class H of pairs (s, U) defined as follows: 
(A) (s, U) is a sufficiently regular solution to (l)-(4) (See L. 
Rubinstein and M. Shillor [Z] and L. Rubinstein [3]). 
(B) W(x, t) ~0 in D where 
w4 t)=f L 
(p+ 1) Ep+, I 
Q.S(l) 
-EP+l. 
x u(x, t) dx 
I 
; 1 <<El --c&2 
2 1 E, -S(r) 
such that E* . s(t) d R. 
Condition (B) was introduced by D. Quilghini in [4], in the case of a 
plane slab, and it has the following physical interpretation: in each portion 
of solidified solid, the medium thermal energy is a non-increasing function 
of the time. Thus we have the expression of a monotonicity condition for 
the solidification process. 
Remark 1. Condition (B) is equivalent to 
ds 
s(t) u, + xu, . - < 0, 
dt 
(x, t)gL?. (5) 
In the following section, some results on the convexity of the free boundary 
are obtained under the assumption that the heat conduction process 
(l)-(4) belongs to H. 
For heat conduction in a plane slab, problems on the convexity of 
the free boundary have been considered by various authors (see, e.g., 
A. Friedman and R. Jensen [S], A. Fasano and M. Primicerio [6], 
A. Fasano and L. T. Villa [7]). 
The major tool is the study of the level curves of the function V 
introduced by A. Friedman and R. Jensen in [S], defined as 
(6) 
2. CONVEXITY OF THE FREE BOUNDARY 
We need the following properties of the function V: 
(i) V,X, + (2V- (p/x)) V, + (p/x’) V- V, = 0 in sZ\ {(x, t): U, = O}. 
(ii) V(s(t), t) = -i(t); (S = ds/dt, s’= d’.s/dt’). 
(iii) V.,(s(t), t) = i(t)/.+(t); K(R, t) = -VCR, t)la (VR, t) - a/R), 
a = a2. 
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(iv) V,(s(t), t) = 2S’(t). 
(v) The slope of the curves where V=constant at points of the free 
boundary of 2b(t). 
(vi) Along the level curves of V, the t coordinate is decreasing for x 
increasing. 
(vii) No level curve of I/ can have two points on the free boundary. 
Properties (i)-(v) follow from direct computation. 
We prove (vi) and (vii) below. 
LEMMA 1. V(x,t)>O in C?\{(x, t):uX=O). 
Proof. From (2), (3), (4), and the maximum principle it follows that 
u, GO in W. (7) 
Differentiating (3) and using (4) we have 
U,@(t), 2) = -1. i”(t), (8) 
so that from (7) we conclude that U, < 0 on r, where r denotes the free 
boundary; that is 
r- ((s(t), t), t30). 
On the other hand, from (5) and (7) we obtain 
U,60 in QvlY 
This completes the proof. 
(9) 
LEMMA 2. For any t,> 0, V cannot attain an extremum at (s(t,), to) 
relative to any lower &neighborhood of (S(t,), to). 
Proof (for a minimum). We recall that we suppose that I/,, I/,,, and 
V, exist up to the boundary of 0. 
Let us suppose that there exists a lower C&neighborhood E of (s(t,), to) 
such that V takes a minimum in E at (s(tO, to). Hence 
v.xG (b), to) 2 0. 
On the other hand, from (ii) it follows that 
S’(t,)>,O 
(10) 
(11) 
458 L. T. VILLA 
Hence, from (iii) we have the alternatives 
w%), h)=O. (13) 
Equation (12) contradicts Eq. (lo), and after using (iv), (ii), (iii), and (13) 
in (i) we get 
V,,(f(t,), to)= -J-- i(t,)-cO. 
S’(hJ 
This completes the proof. 
Remark 2. Since V satisfies the parabolic equation (i) and Lemma 1, a 
strong maximum principle holds (see, e.g., A. Friedman [S, Theorems 3 
and 5, Chap. 21). 
Remark 3. Properties (vi) and (vii) are a consequence of the maximum 
principle and Lemma 2. 
LEMMA 3. A level curve of the function V starting on r and going into 
Q must end on x = R. 
Proof: (See A. Friedman and R. Jensen [5]). 
Remark 4. If we further assume that the consistency condition 
holds and that 
lim U,(s(t), t) = Ul(R, 0) = - $ 
t-0’ 
(15) 
lim U,Mf)> f) u, = - (R, 0) = V(R, 0), ,+A Ux(s(~)9 f) ux (16) 
from (iii) and using (9), (15), and (16), we find that 
V(R 0) 
V,(R,O)= -7 (Ste-k.p), 
where Ste denote the Stefan number of the process; in this case 
RGo c 1 
Ste = - 
a2 ’ 
-=- 
k a2- 
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So, in view of the properties of the function V, we conclude that there exist 
f,, > 0 such that for t E (0, i,), V,(R, t) have the same sign as I/,(& 0). 
THEOREM 1. Under the assumptions (A), (B), there exists t* > 0 such 
that 
Ste > kp (17) 
implies 
S(t)>,0 for tE[O, t*] (18) 
and 
Ste < kp (19) 
implies 
S(t)<0 for t E [0, t*]. (20) 
Proof. Suppose that i(t) < 0 for t in some interval [0, to), to < i,. Let 
yE, y,, be the level curves of V starting at the points (s(t,- E), to -8) and 
(s(t,), to), respectively, and denote by (R, to*), (R, t:) the points where y0 
and yE end on x = R. 
From (ii) and (vi) we see that to* > t: and V(R, to*) > V(R, t:). Hence, 
the function V(R, t) has a maximum in [t,*, t,*] for some in (t:, t,*] in the 
domain bounded by x = R, yE, t = i, and x = s(t). 
So, at this point we see that 
V,( R, i) 2 0; V,( R, i) > 0. (21) 
On the other hand, from property (iii) we have 
UK t) = -g --y- 1 VCR t) ste-s 
0 [ 1 I . (22) 
When one takes into account Lemma 1 and hypothesis (17) from 
Remark 4 it follows that 
UR t) < 0, vt E [O, to). (23) 
Since in (0, to), (23) contradicts (21). In this way we proved the inequality 
announced in (18). 
The proof of inequality (20) is analogous to the preceding case. 
It looks as if the conclusions of Theorem 1 hold for any t B 0 and we are 
considering this case at present. 
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